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Non-Abelian strings for an Einstein-Yang-Mills-Higgs theory are explicitly constructed. We con-
sider Nf Higgs fields in the fundamental representation of the U(1)×SU(Nc) gauge group in order
to have a color-flavor SU(Nc) group remaining unbroken. Choosing a suitable ansatz for the metric,
Bogomol’nyi-like first order equations are found and rotationally symmetric solutions are proposed.
In the Nf = Nc case, solutions are local strings and are shown to be truly non-Abelian by pa-
rameterizing them in terms of orientational collective coordinates. When Nf > Nc, the solutions
correspond to semilocal strings which, beside the orientational degrees of freedom, acquire addi-
tional collective coordinates parameterizing their transverse size. The low-energy effective theories
for the correspondent moduli are found, showing that all zero modes are normalizable in presence
of gravity, even in the semilocal case.
PACS numbers:
I. INTRODUCTION
It is well known that solitons (kinks, vortices, monopoles) play a central role in field theories, both at classical and
quantum levels. In particular, a new type of (string-like) vortex solutions, called non-Abelian strings, was found quite
recently in certain supersymmetric [1]-[4] and non-supersymmetric [5] gauge theories. More in detail, these strings
arise in certain U(Nc) Yang-Mills-Higgs theories with Nf (≥ Nc) flavors and are mainly characterized by the presence
of collective coordinates related to the orientation of the flux-tube in the internal color-flavor space. Due to these
orientational moduli space, the above-mentioned strings behave as genuinely non-Abelian, leading to a number of
new exciting phenomena: from confinement in N = 1 SQCD [6]-[7] and field-theoretic prototypes of D branes/strings
[8],[9] to applications in cosmology as cosmic strings [10],[11]. Concerning the topic of cosmic strings (for a review
and references see [12]-[14]), non-Abelian strings were originally introduced in this context as candidates to realize
a mechanism proposed by Polchinski [14] through which gauge solitons could mimic the reconnection properties of
fundamental strings.
The gravitational properties of vortex-like configurations were extensively studied in the past [12]. In a field-theoretic
context, the simplest and most common model in which these configurations appear is the Einstein-Maxwell-Higgs
model [15]-[21]. In the general case, Einstein-Maxwell-Higgs theories support two types of string solutions. These can
be distinguished by their asymptotic geometries, which must be one of the two Levi-Civita metrics,
ds2 = dt2 − (dx3)2 − dρ2 − (a1ρ+ a2)dθ2, (1)
whence the cone, or
ds2 = (b1ρ+ b2)
4
3 (dt2 − (dx3)2)− dρ2 − (b1ρ+ b2)− 23 dθ2, (2)
which is a Kasner metric. The Kasner branch does not have the required characteristics to describe a ‘standard’
cosmic string, and thus it is usually disregarded in physical applications. Each of the metrics (1) and (2) has two
totally different behaviors. The behavior depends on the strength of the gravitational coupling, which is measured
by the parameter Gξ (where ξ is the symmetry-breaking scale). That is, for Gξ << 1, which includes the GUT
symmetry-breaking scale and most of the applications in cosmology, a1 and b1 are positives and then, (1) is the
standard cone [15] and (2) is the asymptotic form of Melvin’s magnetic universe [16]. For supermassive strings, which
have Gξ & 1, a1 and b1 are negatives and then there is a conical singularity both in the Kasner-type metric [17] and
in the conical metric [18]. When the Bogomol’nyi limit [19] of the Einstein-Maxwell-Higgs theory is considered, the
critical coupling yields to a considerable simplification of the problem, since all second-order equations can be replaced
by a curved-space analogue of the Bogomol’nyi equations [20]. String-like solutions in the Bogomol’nyi limit of the
theory were analyzed in [20],[21] when only one Higgs field is present. The generalization to more than one Higgs
field were considered in [22], where the solutions obtained correspond to gravitating semilocal vortices. An immediate
consequence of the Bogomol’nyi equations is that the metric necessarily takes the conical asymptotic form (1) (see
[20],[18]). This feature is also inherited by the supergravity extensions of the Maxwell-Higgs model, as was shown
very recently in the embedding of Abelian cosmic strings into N = 1 and N = 2 supergravity [23].
On the other hand, analogous investigations on string solutions in Einstein-Yang-Mills-Higgs theories have remained,
for some reason, rather incomplete (for a recent analysis of Einstein-Yang-Mills strings see [24]). It is the purpose of
2this work to fill this gap looking for Einstein-Yang-Mills-Higgs theories which support local and semilocal non-Abelian
string solutions. Since we are interested in the Bogomol’nyi limit of the model, only string metrics asymptotically
conical will be analyzed. After presenting in section II the four dimensional Einstein-Yang-Mills-Higgs model with
gauge group U(1)× SU(Nc), Nf flavors and an arbitrary Higgs potential, we consider in section III a suitable ansatz
for the metric which reduces the equations of motion to a set of first order (Bogomol’nyi) equations for a certain
quartic potential. Next, in section IV we find gravitating local non-Abelian strings by considering a rotationally
symmetric ansatz in the model with Nc = Nf . These strings are shown to have a non-Abelian character due to
the existence of a set of orientational collective coordinates. In section V we proceed to do a similar analysis in the
Nc < Nf case, yielding to gravitating semilocal non-Abelian strings. Apart from the orientational degrees of freedom,
semilocal strings acquire new collective coordinates related to variations of the transverse size. In this case, we are
able to find, in the large transverse size limit, explicit analytic solutions, not only for the matter fields, but also
for the space-time metric. The section ends showing that in the limit of a very large transverse size of the string,
semilocal solutions approximate two-dimensional sigma-model instantons on Gr(Nc, Nf ) (i.e., Grassmannian lumps).
In section VI we use the Manton procedure to obtain the low-energy effective theory of the moduli for both the local
and semilocal cases. In the case of local strings, we have only orientational moduli and we find that the correspondent
effective theory is a two dimensional CPNc−1 sigma-model, just the same as in flat space-time. For semilocal strings,
where there are not only orientational modes but also size moduli, we find in the large transverse size limit three
different effective theories depending on which the value of the parameter Gξ is. Quite remarkably, in contrast to
what happens in flat space-time, all moduli become normalizable in the gravitating string case. Finally in section VII
we present a summary and a discussion of our results.
II. THE THEORY
The field content of the theory is given by a space-time metric gµν where µ, ν, ... = 0, 1, 2, 3 are space-time indices,
a SU(Nc) × U(1) gauge field Aµ and Nf complex scalars φ. As well as the SU(Nc) × U(1) gauge symmetry, the
Lagrangian also enjoys a SU(Nf ) flavor symmetry. Under these two groups, the scalar fields transform as (Nc, N¯f ).
Thus, φ can be seen as an Nc×Nf matrix φ = φar, where the indices a, b, ... = 1, 2, ..., Nc refer to the gauge group and
r, s, ... = 1, 2, ..., Nf to the flavor group.
We represent the gauge fields in terms of matrices in the fundamental representation of SU(Nc) × U(1), that is,
Aµ = A
A
µT
A + i/
√
2NcAµ, where T
A (A,B, ... = 1, 2, ..., N2c − 1) are the generators of the Nc representation de
SU(Nc). We use anti-Hermitian generators T
A satisfying
[(TA)ab]
∗ = −(TA)ba, [TA, TB] = fABCTC , (TATB)aa = −
1
2
δAB. (3)
The action takes the form
S =
∫
d4x
√
g
{
− 1
16πG
R− 1
4e21
gµρgνσFµνFρσ − 1
4e22
gµρgνσFAµνF
A
ρσ +Dµφ¯rDµφr − V (φ, φ¯)
}
(4)
where
φ¯ra ≡ (φar)∗, Fµν = ∂µAν − ∂νAµ, FAµν = ∂µAAν − ∂νAAµ − fABCABµACν (5)
and
Dµφar ≡ ∂µφar −
i√
2Nc
Aµφ
a
r −AAµ (TA)abφbr, Dµφ¯ra ≡ ∂µφ¯ra +
i√
2Nc
Aµφ¯
r
a +A
A
µ (T
A)baφ¯
r
b. (6)
Also, we use the conventions Rµνρσ = Γ
µ
νσ,ρ − Γµνρ,σ + ΓµωσΓωνρ − ΓµωρΓωνσ, Rµν = Rρµρν , signature (+,−,−,−) and
g = −detgµν .
For simplicity we do not write gauge group indices which are summed, e.g.,
(φ¯rTAφr) ≡ (TA)abφ¯raφbr (7)
3The equations of motion obtained from the variation of the action are
Gµν = Rµν − 1
2
gµνR = 8πG(T
U(1)
µν + T
SU(Nc)
µν + T
mat
µν ), (8)
∂µ(
√
ggµρgνσFρσ) = e
2
1
√
gjν , (9)
(∂µδ
AB + fABCACµ )(
√
ggµρgνσFBρσ) = e
2
2
√
gjAν , (10)
[Dµ(√ggµνDµφ)]ar = −
√
g
∂V
∂φ¯ra
, (11)
where the stress-energy tensors and the gauge currents are given by
TU(1)µν =
1
e21
(
−FµρF ρν +
1
4
gµνFρσF
ρσ
)
, (12)
T SU(Nc)µν =
1
e22
(
−FAµρFAρν +
1
4
gµνF
A
ρσF
Aρσ
)
, (13)
Tmatµν = Dµφ¯rDνφr +Dν φ¯rDµφr − gµνDρφ¯rDρφr + gµνV, (14)
jµ =
i√
2Nc
(Dµφ¯rφr − φ¯rDµφr), (15)
jAµ = Dµφ¯rTAφr − φ¯rTADµφr. (16)
In order to study cosmic string solutions, we assume the metric, gauge and matter fields to be static and symmetric
under x3 translations. We also restrict to purely magnetic configurations. Thus, we will consider the following ansatz
for the metric and gauge fields,
ds2 = L2dt2 −K2(dx3)2 + hijdxidxj , (17)
Aµdx
µ = Aidx
i, i, j = 1, 2 (18)
where the fields L, K, Ai and hij depend only on the two transverse coordinates x
k (k = 1, 2).
With this ansatz the components of the Ricci tensor take the form
R00 = −L[(hijL,j),i + γkikhijL,j]−
L
K
hijK,iL,j = − L
K
(KL,i);i, (19)
R33 = K[(h
ijK,j),i + γ
k
ikh
ijK,j] +
K
L
hijL,iK,j =
K
L
(LK ,i);i, (20)
Rij = rij − 1
L
(L,i,j − γkijL,k)−
1
K
(K,i,j − γkijK,k) (21)
= rij − L,i;j
L
− K,i;j
K
, (22)
Ri0 = Ri3 = 0, R03 = 0, (23)
where γkij , rij and “;” denote the connection, Ricci tensor and covariant derivative corresponding to the two-
dimensional transverse metric hij .
Concerning the gauge field strengths, their non-vanishing components are determined by a single magnetic compo-
nent, that is,
Fij = ǫijB, (24)
FAij = ǫijB
A, (25)
where we have introduced the covariantly constant tensor field ǫij = −ǫji, normalized so that ǫijǫjk = δki .
III. BOGOMOL’NYI EQUATIONS
A significant simplification of this system is obtained if self-duality conditions are satisfied, i.e. if the system admits
a Bogomol’nyi limit [19]. It is well known [20]-[21] that in the usual Abelian Higgs model, self-duality properties take
4place in curved space-time if L(xi) and K(xi) are constants, say, 1. We will see now that the present generalized
Higgs model has also a Bogomol’nyi limit if we keep
L(xi) = 1, K(xi) = 1. (26)
Using these conditions, it is easy to verify that Rij = rij and R = r, these leading to that Gij vanishes identically.
Einstein equation (8) then implies the vanishing of Tij , that is,
− 1
2e21
B2hij − 1
2e21
B2hij +Diφ¯rDjφr +Dj φ¯rDiφr − hijDkφ¯rDkφr + hijV = 0 (27)
The latter equation implies
Diφ¯rDjφr +Dj φ¯rDiφr ∝ hij (28)
Now, without loss of generality, we may take the two-dimensional metric hij to be conformally flat, i.e.
hij = −Ω2δij (29)
Then, we can write condition (28) as
Dzφ¯rDzφr = 0 (30)
with z = x+ iy. The easiest way to solve this equation is by requiring either Dzφar = 0 or Dzφ¯ra = 0. Changing back
to an arbitrary spatial coordinate system, we thus find the covariant self-duality condition for the Higgs field
Diφr + iηǫ ji Djφr = 0, (31)
where η = ±1 corresponds to self-dual or anti-self-dual solutions. Note however that, in contrast with what happens
in the (Nf = 1) Abelian case [25], equations (26) do not imply a priori the self-duality equations (31).
If we now return to eq.(27) and use the Higgs self-duality equation, we arrive to the following condition for the
Higgs potential
V =
B2
2e21
+
BABA
2e22
. (32)
In order to get a first order equation for the gauge fields, we consider the Higgs equations (11) and notice that for
self-dual Higgs configuration they become(
BA(TA)ab +
i√
2Nc
Bδab
)
φbr = iη
∂V
∂φ¯ra
(33)
Now, thinking of B and BA as functions of φ, it follows from the Yang-Mills equations (9),(10) that they should be
cuadratic in φ. In order to satisfy relation (33), we will consider a quartic Higgs potential for the theory. A generic
quartic potential which respect both gauge and flavor invariances can be written as:
V (φ, φ¯) = c1 + c2φ¯
rφr + c3(φ¯
rφr)
2 + c4(φ¯
rTAφr)
2 (34)
From eq.(33) one obtains that
B = η
√
2Nc(c2 + 2c3φ¯
rφr), B
A = 2iηc4φ¯
rTAφr. (35)
Constants cα (α = 1, ..., 4) are determined by requiring, firstly, that configurations satisfying self-dual conditions (31)
and (35) be solutions of the Yang-Mills equations (9),(10) and secondly, that the Higgs potential has the minimum
for φ¯rφr = Ncξ. Then, self-duality equations for the gauge fields take the form
B = η
e21√
2Nc
(φ¯rφr −Ncξ),
BA = −iηe22φ¯rTAφr, (36)
5and the potential takes the form
V (φ, φ¯) =
e21
4Nc
(φ¯rφr −Ncξ)2 − e
2
2
2
(φ¯rTAφr)
2. (37)
In summary, the self-duality first order equations for the Higgs and gauge fields are
Diφr + iηǫ ji Djφr = 0,
B =
1
2
ǫjiFij = η
e21√
2Nc
(φ¯rφr −Ncξ),
BA =
1
2
ǫjiFAij = −iηe22φ¯rTAφr, (38)
It is worth commenting that the existence of the first order equations (38) is strongly related to the possibility of
having a locally supersymmetric theory whose bosonic sector coincides with our model. In fact, this supergravity
theory could be used to obtain not only the Bogomol’nyi equations for the matter fields (38) but also Bogomol’nyi first-
order equations for the gravitational field [28]. More precisely, one expects that the Bogomol’nyi equations could be
obtained from the vanishing of the supersymmetric variation of the fermionic fields. In particular, the supersymmetric
transformation of the gravitino should yields to a first-order Killing spinor equation for the supersymmetry parameter.
Einstein equations will then be automatically satisfied as a consequence of the integrability condition of this Killing
equation.
Clearly, the Higgs potential (37) is positive definite. Requiring its vanishing leads, due to the first term, to φ to
develop a vacuum expectation value (VEV) and, due to the second term, to the VEV to satisfy
φarφ¯
r
b = ξδ
a
b . (39)
Let us discuss shortly how the vacua of the Higgs potential (37) is and its dependence of Nc and Nf . It is clear from
(39) that there is no vacua with vanishing potential for Nf < Nc, so this case is trivial. In the case of Nf = Nc there
is an unique, isolated vacuum which, up to gauge transformations, takes the form
φar =
√
ξδar . (40)
The vacuum field (40) has the pattern of symmetry breaking [1]-[2]
U(1)× SU(Nc)× SU(Nf) −→ SU(N)c+f , (41)
where the surviving unbroken group SU(N)c+f is a simultaneous gauge and flavor rotation. Due to this, the theory
is said to lie in the colour-flavor locked phase. Finally, in the Nf > Nc case the theory has a Higgs branch of vacua,
denoted NNc,Nf [1]. For example, for Abelian theories, which support semi-local strings [26]-[27], the vacua is simply
N1,Nf = CPNf−1. In general, the Higgs branch is the Grassmannian of Nc planes in CNf ,
NNc,Nf = Gr(Nc, Nf ) =
SU(Nf )
U(1)× SU(Nc)× SU(Nf −Nc) (42)
This is a symmetric space, and we may choose to work in any of the vacua without loss of generality. We pick,
φar =
√
ξδar r = 1, ..., Nc
φar = 0 r = Nc + 1, ..., Nf (43)
In this vacuum, the pattern of symmetry breaking is
U(1)× SU(Nc)× SU(Nf ) −→ S[U(Nc)c+f × U(Nf −Nc)] (44)
where S[⊗iU(Ni)] means we project out the diagonal, central U(1) from ⊗iU(Ni). Since the surviving unbroken
group includes U(Nc)c+f , in the Nf > Nc case the theory also lies in the colour-flavor locked phase.
Returning to the equations of motion, it is clear that with the Higgs potential eq.(37), condition (32) is automatically
satisfied by self-dual gauge configurations. Thus, the only second-order equations that remain to solve are the 00
and 33 components of Einstein equation, which yields both to the following expression for the two-dimensional Ricci
scalar r,
r = 16πG(hijDiφ¯rDjφr − 2V ) (45)
6Using the identity
hijDiφ¯rDjφr = 1
2
hij(Diφ¯r − iηǫ li Dlφ¯r)(Djφr + iηǫ kj Dkφr)
− iηBAφ¯rTAφr + η 1√
2Nc
Bφ¯rφr + η
√
Nc
2
ǫikji;k (46)
and the self-duality equations (38), we can rewrite the equation (45) for r as,
r = 8π
√
2NcGη(ξB + ǫ
ikji;k), (47)
where for self-dual configurations the U(1) current can be written as
ji = − η√
2Nc
ǫ ji (φ¯
rφr),j . (48)
Now, in the conformal coordinate system r takes the simple form
r = Ω−2∆ logΩ2 (49)
where ∆ is the flat-space Laplacian, i.e., ∆ = δij∂i∂j . From eq.(47) we then get the following equation for Ω
2:
∆(log Ω2) = −8πG[∆(φ¯rφr) +
√
2NcηξF12] (50)
The Bogomol’nyi bound
As it is well known, the notion of energy in general relativity is more subtle than in special relativity. In the present
case, since we are considering static axisymmetric matter configurations which tends asymptotically to their vacuum
values, the two-dimensional transverse metric will tend asymptotically to that of a flat cone. Therefore, the deficit
angle δ may be taken as a measure of the gravitational energy per unit length (see [21] and reference therein). In our
case, the deficit angle takes the form,
δ
8πG
=
∫
d2x
√
gT 00
=
∫
d2x
√
h
{
1
2e21
B2 +
1
2e22
BABA − hijDiφ¯rDjφr + V
}
(51)
Now, by means of identity (46) and the Bogomol’nyi trick, the energy density T 00 can be re-written as
T 00 =
1
2e21
[B − η e
2
1√
2Nc
(φ¯rφr −Ncξ)]2 + 1
2e22
[BA + iηe22φ¯
rTAφr]
2
+
1
2
√
h
|Diφr + iηǫ ji Djφr|2 − η
√
Nc
2
ξB + η
√
Nc
2
ǫkiji;k (52)
Thus, integration of (52) yields a Bogomol’nyi bound for the energy, i.e.
δ
8πG
≥ ξ|Φ|, (53)
where Φ is a topological number defined by
Φ =
√
Nc
2
∫
d2x
√
hB =
√
Nc
2
∮
Aidσ
i = 2πn. (54)
As expected, we can see that the bound is saturated by configurations satisfying self-duality equations (38).
7IV. NON-ABELIAN LOCAL STRINGS - Nc = Nf = N
In order to find non-Abelian vortex solutions to the self-duality equations, let us consider, following [2], rotationally
symmetric configurations through the ansatz:
φ =


ϕ(r) 0 · · · 0 0
0 ϕ(r) · · · 0 0
...
...
. . .
...
0 0 · · · ϕ(r) 0
0 0 · · · 0 einθϕ˜(r)

 ,
AAi T
A =


1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0
0 0 · · · 0 −(N − 1)


i
N
(∂iθ)(fN (r) − n),
Ai =
√
2
N
(∂iθ)(−f(r) + n), (55)
where (r, θ) are the polar coordinates in the two-dimensional transverse space.
Inserting this ansatz in the self-duality equations (38) we arrive to the first-order differential equations satisfied by
the profile functions
r∂rϕ+
η
N
(f − fN )ϕ = 0
r∂rϕ˜+
η
N
(f − (1−N)fN )ϕ˜ = 0
1
r
∂rf + η
e21
2
Ω2((N − 1)ϕ2 + ϕ˜2 −Nξ) = 0
1
r
∂rfN + η
e22
2
Ω2(ϕ˜2 − ϕ2) = 0 (56)
The boundary conditions at the origin follows from the requirement that the fields be nonsingular. This implies that
nϕ˜(0) = 0, fN(0) = n, f(0) = n. (57)
At spatial infinity, configurations have to tend asymptotically to their vacuum values and then
ϕ(∞) = ϕ˜(∞) =
√
ξ, f(∞) = fN(∞) = 0 (58)
The first and second equation of (56) can be solved for the profiles of the gauge fields
f =
η
2
r∂r((1−N) logϕ2 − log ϕ˜2),
fN =
η
2
r∂r(logϕ
2 − log ϕ˜2) (59)
We expect ϕ˜ to have a zero only at r = 0, whereas ϕ, which does not wind, to have no zeros. Therefore, eq.(59) will
be valid everywhere outside the origin.
Concerning field Ω2, after using eqs.(55) and (59) its equation of motion (50) becomes
∆{logΩ2 + 8πG[(N − 1)ϕ2 + ϕ˜2 − ξ log(ϕ2(N−1)ϕ˜2)]} = 0 (60)
For a charge-n vortex solution, ϕ˜ will behave as ϕ˜ ∼ const r|n| if r → 0. It then follows that
logΩ2 + 8πG[(N − 1)ϕ2 + ϕ˜2 − ξ log(ϕ
2(N−1)ϕ˜2
r2|n|
)] (61)
is harmonic and bounded, hence is a constant. In particular this implies that the conformal factor has the following
behavior at infinity
Ω2 ∼ const r2(B−1) if r →∞, (62)
8where B = 1− 8π|n|Gξ. Fixing the constant in eq.(62) to be ξB−1, we can write the asymptotic form of the metric as
ds2 ∼ dt2 − (dx3)2 − (ξr2)B−1(dr2 + r2dθ2) (63)
Thus, we find that the metric corresponding to a single non-Abelian local string has the same asymptotic behavior
as that of the gravitating Abelian string (given by eq.(1)). It is characterized by the dimensionless parameter Gξ,
which determines the strength of the gravitational coupling of the string [15]. If Gξ < 18pi (i.e. B > 0), the metric is
asymptotically conical. This can be easily seen by considering a new radial coordinate ρ given by
√
ξρ = B−1(
√
ξr)B ,
which yields to the Minkowskian form (1) for the asymptotic metric:
ds2 ∼ dt2 − (dx3)2 − dρ2 −B2ρ2dθ2. (64)
The deficit angle corresponding to the metric (64) is
δ = 2π(1−B) = 16π2|n|Gξ. (65)
As the symmetry breaking scale grows, δ exceeds 2π and the conical picture of the string space-time must be aban-
doned. For a critical string (with Gξ = 1/8π and δ = 2π), the two-dimensional space is like a cylinder at infinite.
Finally, over-critical strings have a deficit angle greater than 2π, which happens for Gξ > 1/8π. This means that at
infinity the space is like an inverted cone, closing up with a conical singularity which is at a finite proper distance.
Those strings having a deficit angle δ ≥ 2π are known as supermassive strings [18]. Due to the presence of the
singularity in the metric, supermassive strings appear to be of little physical interest.
Since the remaining Einstein equation can be integrated explicitly, we are thus left with a system of coupled
equations for the Higgs profile functions,
∆ log(ϕ2(N−1)ϕ˜2) = e21Ω
2((N − 1)ϕ2 + ϕ˜2 −Nξ)
∆ log(ϕ−2ϕ˜2) = e22Ω
2(ϕ˜2 − ϕ2), (66)
where Ω2 is determined from eq.(61). Unfortunately, as in the flat case G = 0 we have not been able to find analytical
solutions. We can, however, establish from eq.(56) the asymptotic behavior of the solutions near r = 0 and for large
r. Near the polar axis, the first terms of the development in a power serie in r are
ϕ ∼ ϕ0 + ϕ0
8N
(
(e22 − e21)ϕ20 + e21N(ϕ20 − ξ)
)
r2,
ϕ˜ ∼ ϕ˜0r|n|,
f ∼ n+ η
4
e21Ω
2
0(ϕ
2
0 −N(ϕ20 − ξ))r2,
fN ∼ n+ η
4
e22Ω
2
0ϕ
2
0r
2, r → 0 (67)
where ϕ0 and ϕ˜0 are two arbitrary constants and Ω
2
0 = Ω
2(r = 0) could be determined through (61). Concerning
the behavior for large r, the profile functions are modified by the non-trivial metric. Nevertheless, by rescaling the
coordinates to be Minkowskian one can obtain the usual exponential behavior of the ANO strings [29]. Thus, using
the radial coordinate ρ defined through
√
ξρ = B−1(
√
ξr)B (for B > 0), the behavior at large distances results
ϕ ∼
√
ξ + ϕ∞ρ
− 1
2 (e−M1ρ − e−M2ρ),
ϕ˜ ∼
√
ξ + ϕ∞ρ
− 1
2 (e−M1ρ − (1−N)e−M2ρ),
f ∼ ϕ∞ηNe1Bρ 12 e−M1ρ,
fN ∼ ϕ∞ηNe2Bρ 12 e−M2ρ, ρ→∞ (68)
where ϕ∞ is an arbitrary constant and Mi = ei
√
ξ (i = 1, 2). The dominant behavior of ϕ, ϕ˜ is given by the smallest
exponential in (68)
Let us now discuss some facts about the vortex moduli space. While the vacuum is SU(N)c+f symmetric, the
solution given by eq.(55) breaks this symmetry down to U(1) × SU(N − 1). This means that there exist a set of
solutions with the same topological charge parameterized by the coset [1],[2]
SU(N)c+f
SU(N − 1)× U(1)
∼= CPN−1 (69)
9Thus, if we suppose that the center-of-mass collective coordinates are decoupled, the moduli space in the case of a
single unit charge vortex takes the form
M∼= C×CPN−1 (70)
where C parameterizes the center of mass of the vortex configuration. The presence of these extra orientational
collective coordinates makes the vortices genuinely non-Abelian. One can make explicit the non-Abelian nature of the
solution (55) by applying the color-flavor rotation preserving the asymmetric vacuum. To this end, it is convenient
first to pass to the singular gauge where the scalar fields have no winding at infinite, while the vortex flux comes from
the vicinity of the origin. Then, the Higgs and gauge fields can be written as
φ = U


ϕ(r) 0 · · · 0 0
0 ϕ(r) · · · 0 0
...
...
. . .
...
...
0 0 · · · ϕ(r)
0 0 · · · 0 ϕ˜(r)

U−1,
AAi T
A = U


1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0
0 0 · · · 0 −(N − 1)

U−1
i
N
(∂iθ)fN (r),
Ai = −
√
2
N
(∂iθ)f(r), (71)
where U ∈ SU(N) parameterizes the orientational collective coordinates associated with the flux rotation in SU(N).
Following [5], we can parameterize these matrices as follows:
1
N


U


1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0
0 0 · · · 0 −(N − 1)

U−1


a
b
= −nan∗b +
1
N
δab , (72)
where na is a complex vector in the fundamental representation of SU(N), and
n∗an
a = 1 a = 1, ..., N (73)
Note that this gives the correct number of degrees of freedom for the charge-1 vortex case, namely, 2(N − 1). With
this parameterization the vortex solution (71) takes the form
φab =
1
N
(ϕ˜(r) + (N − 1)ϕ(r))δab + (ϕ˜(r) − ϕ(r))
(
nan∗b −
1
N
δab
)
AAi (T
A)ab = −i
(
nan∗b −
1
N
δab
)
∂iθfN (r)
Ai = −
√
2
N
∂iθf(r) (74)
Note that the conformal factor Ω2, as obtained from eq.(61), results to be independent of the orientational collective
coordinates na.
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V. NON-ABELIAN SEMILOCAL STRINGS - Nc = N , Nf = N +Ne
We can easily write the extension of the ansatz (55) for the case Nf > Nc as follows
φ =


ϕ(r) 0 · · · 0 0 ρ11(r) · · · · · · ρ1Ne(r)
0 ϕ(r) · · · 0 0 ρ21(r) · · · · · · ρ2Ne(r)
...
...
. . .
...
...
...
. . .
...
0 0 · · · ϕ(r) 0 ... . . . ...
0 0 · · · 0 einθϕ˜(r) ρN1 (r) · · · · · · ρNNe(r)


,
AAi T
A =


1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0
0 0 · · · 0 −(N − 1)


i
N
(∂iθ)(fN (r)− n),
Ai =
√
2
N
(∂iθ)(−f(r) + n), (75)
With this ansatz, self-duality equations (31) become the following first-order equations for the profile functions
r∂rϕ+
η
N
(f − fN)ϕ = 0
r∂rϕ˜+
η
N
(f − (1−N)fN )ϕ˜ = 0
r∂rρ
a
r +
η
N
(f − fN)ρar = 0
r∂rρ
N
r +
η
N
(f − (1−N)fN −Nn)ρNr = 0 (76)
where a = 1, ..., N − 1 and r = 1, ..., Ne. We also need to specify the boundary conditions which will determine the
solutions in these equations. Is not difficult to see that in order to have nonsingular fields which tend asymptotically
to vacuum configurations, the boundary condition for the Higgs profile functions are
nϕ˜(0) = 0, ϕ(∞) = ϕ˜(∞) =
√
ξ,
ρar(∞) = ρNr (∞) = 0. (77)
Equations for ρar and ρ
N
r can be solve in terms of ϕ and ϕ˜ through the relations
ρar(r) = χ
a
rϕ(r), ρ
N
r (r) = χr
ϕ˜(r)
r|n|
(78)
where χar and χr (a = 1, ..., N − 1; r = 1, ..., Ne) are complex parameters. Now, the first relation in eq.(78) can only
be compatible with boundary conditions (77) if χar , and then ρ
a
r, are identically zero. Concerning gauge fields, the
equations for their profile functions take now the form
1
r
∂rf + η
e21
2
Ω2((N − 1)ϕ2 + (1 + χ¯
rχr
r2|n|
)ϕ˜2 −Nξ) = 0
1
r
∂rfN + η
e22
2
Ω2((1 +
χ¯rχr
r2|n|
)ϕ˜2 − ϕ2) = 0, (79)
which should be complemented with the boundary conditions
fN (0) = f(0) = n, f(∞) = fN(∞) = 0 (80)
Therefore, we get for the Higgs and gauge fields a family of solutions labelled by Ne complex parameters χr, which,
as we shall see, determine the size and orientation of the solutions. These string configurations are not conventional
ANO strings, but, rather, semilocal strings (for a review of their properties and their relationship to electroweak
strings, see [30]). These may be regarded as a hybrid of an ANO string and a sigma-model lump. As it is clear
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from eqs.(75), (76) and (79), when the χr parameters tend to zero, we reobtain the non-Abelian local string of the
previous section. On the other hand, when |χr| tends to infinite, solution (75) becomes a sigma-model lump on the
target space NN,N+Ne (see below). Recall that, while the vortices are supported by Π1(U(N)) = Z, the lumps are
supported by Π2(NN,N+Ne) = Z.
Concerning the space-time metric corresponding to these configurations, after getting the gauge profile functions
fN and f from the first and second equations of (76), the equation (50) for the conformal factor Ω
2 can be written as
∆{logΩ2 + 8πG[(N − 1)ϕ2 + (1 + χ¯
rχr
r2|n|
)ϕ˜2 − ξ log(ϕ2(N−1)ϕ˜2)]} = 0 (81)
Following the same reasoning as in the previous section we can infer that
logΩ2 + 8πG[(N − 1)ϕ2 + (1 + χ¯
rχr
r2|n|
)ϕ˜2 − ξ log(ϕ
2(N−1)ϕ˜2
r2|n|
)] (82)
is a constant. This leads to the same asymptotic behavior at infinity as that of the local strings, i.e.
Ω2 ∼ const r2(B−1) if r →∞, (83)
with B = 1 − 8π|n|Gξ. Therefore, the analysis of the asymptotic behavior of the string space as a function of Gξ
done for local strings (see discussion after eq.(62)) is also valid to semilocal ones.
As in the case of the local strings, we can extract the asymptotic behavior of the gauge and Higgs fields from the
first order eqs.(76) and (79). Near the polar axis, the behavior of the profile functions is
ϕ ∼ ϕ0 + ϕ0
8N
(
(e22 − e21)(ϕ20 − χ¯rχrϕ˜20) + e21N(ϕ20 − ξ)
)
r2,
ϕ˜ ∼ ϕ˜0r|n|,
f ∼ n+ η
4
e21Ω
2
0(ϕ
2
0 − χ¯rχrϕ˜20 −N(ϕ20 − ξ))r2,
fN ∼ n+ η
4
e22Ω
2
0(ϕ
2
0 − χ¯rχrϕ˜20)r2, r → 0 (84)
where ϕ0 and ϕ˜0 are arbitrary constants. In order to study the behavior at large distance, it is convenient to change
coordinates in the same way as was done in the local string case. Thus, setting
√
ξρ = B−1(
√
ξr)B (for B > 0), the
metric takes the asymptotic Minkowskian form (64) and the behavior of the profile functions at large ρ result
ϕ ∼
√
ξ
(
1 +
2n2(e21 − e22)
Ne21e
2
2
ξ|n|χ¯rχr(B
√
ξρ)−α−2
)
,
ϕ˜ ∼
√
ξ
(
1− 1
2
ξ|n|χ¯rχr(B
√
ξρ)−α − 2n
2((N − 1)e21 + e22)
Ne21e
2
2
ξ|n|χ¯rχr(B
√
ξρ)−α−2
)
,
f ∼ nξ|n|χ¯rχr(B
√
ξρ)−α − 2η(α+ 2)Bn
2
e21
ξ|n|χ¯rχr(B
√
ξρ)−α−2,
fN ∼ nξ|n|χ¯rχr(B
√
ξρ)−α − 2η(α+ 2)Bn
2
e22
ξ|n|χ¯rχr(B
√
ξρ)−α−2, ρ→∞ (85)
where α = 2|n|B−1. The resulting power-law decrease in the magnetic field at infinite is a significant departure
from the usual exponential decay of the ANO string, which is associated with the confinement of magnetic flux [27].
Furthermore, semi-local strings develop additional collective coordinates χr related to unlimited variations of their
transverse size. The width of the flux tube results then completely undetermined, instead of being the Compton
wave-length of the vector particle as in the ANO string case. This leads to a dramatic effect - semi-local strings, in
contradistinction to the ANO strings, do not support linear confinement (see [31] for a nice analysis on deconfinement
in the non Abelian semi-local string context).
In order to parameterize the semi-local string solution (75) in terms of the orientational collective coordinates, we
apply a color-flavor SU(N)c+f rotation preserving the vacuum (43). After going to the singular gauge and applying
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the color-flavor rotation, the gauge and Higgs fields can be expressed as
φar = (ϕ˜(r) − ϕ(r))
(
nan∗r −
1
N
δar
)
+
1
N
(ϕ˜(r) + (N − 1)ϕ(r))δar r = 1, ..., N
φar = ϕ˜(r)
e−inθ
r|n|
eiδnaχr r = N + 1, ..., N +Ne
AAi (T
A)ab = −i
(
nan∗b −
1
N
δab
)
∂iθfN (r)
Ai = −
√
2
N
∂iθf(r) (86)
where we have used the same parametrization for the SU(N)c+f matrices as in the previous section. Thus, n
a is a
complex vector in the fundamental representation of SU(N) satisfying
n∗an
a = 1 a = 1, ..., N (87)
Besides, the phase δ is an arbitrary function of the orientational moduli, i.e. δ = δ(n, n∗). This arbitrariness in the
parametrization (72) will be useful when we study the low-energy effective action.
We can see that, in the case of charge-1 vortex configuration, eq.(86) gives the solution parameterized in terms
of all the expected degrees of freedom, namely, 2(N − 1) orientational collective coordinates given by na and 2Ne
transverse size collective coordinates given by χr (of course, we have not considered the two collective coordinates
corresponding to the position of the center of mass).
Grassmannian sigma-model lumps
As remarked before, in the limit of a very large transverse size of the string, solution (75) approximates a two-
dimensional sigma-model instanton on the Higgs branch of vacua NN,N+Ne = Gr(N,N+Ne) lifted to four dimensions,
i.e., a Grassmannian lump. Is the purpose of this section to get a deeper insight on this question. Indeed, we will be
able, in the large transverse size limit, of solving in an explicit analytic form eqs.(76), (79) and (82) for the matter
fields and the space-time metric, this yielding to a direct proof of the previous relation.
In order to do this, let us first assume the equality of the constant couplings, e1 = e2 = e. This greatly simplifies
the problem without leading to a substantial loss of generality. After this assumption, it is convenient to define a new
profile function k(r) = f(r)− fN (r), which in addition to ϕ satisfy the following equations
r∂rϕ+
η
N
kϕ = 0
1
r
∂rk + η
e2
2
NΩ2(ϕ2 − ξ) = 0 (88)
together with the boundary conditions
k(0) = 0, k(∞) = 0, ϕ(∞) =
√
ξ. (89)
Clearly, the solutions for k and ϕ are those of the vacuum, that is,
k(r) ≡ 0, ϕ(r) ≡
√
ξ. (90)
Concerning the rest of the equations, after using (90) they reduce to
r∂rϕ˜+ ηfϕ˜ = 0
1
r
∂rf + η
e2
2
Ω2((1 +
χ¯rχr
r2|n|
)ϕ˜2 − ξ) = 0
logΩ2 + 8πG[(1 +
χ¯rχr
r2|n|
)ϕ˜2 − ξ log( ϕ˜
2
r2|n|
)] = const (91)
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with the boundary conditions
f(0) = n, f(∞) = 0, ϕ˜(0) = 0, ϕ˜(∞) =
√
ξ. (92)
Note that in the large lump limit, i.e., χ¯rχr >> (e
2ξ)−|n|, we can take
χ¯rχrr
2(|n|−1)
e2ξ(r2|n| + χ¯rχr)2
∼= 0. (93)
Then, the solutions of (91) has the form
ϕ˜ =
√
ξ
r|n|√
r2|n| + χ¯rχr
, (94)
f =
nχ¯rχr
r2|n| + χ¯rχr
, (95)
Ω2 = const(r2|n| + χ¯rχr)
−8piGξ (96)
We then see that, as long as these expressions are valid, the Higgs field φ in eq.(75) takes the form
φ =


√
ξ 0 · · · 0 0 0 · · · · · · 0
0
√
ξ · · · 0 0 0 · · · · · · 0
...
...
. . .
...
...
...
. . .
...
0 0 · · · √ξ 0 ... . . . ...
0 0 · · · 0 einθϕ˜(r) χ1 ϕ˜(r)r|n| · · · · · · χNe
ϕ˜(r)
r|n|


, (97)
with ϕ˜ given by eq.(94). Using this expression for φ it is easy to verify that the vacuum condition
φarφ¯
r
b = ξδ
a
b . (98)
is satisfied at any r. Thus, the Higgs field define a map from the plane R2 into the vacuum manifold Gr(N,N +Ne).
This map is analytic and of degree n, i.e. a charge-n Grassmannian lump.
VI. EFFECTIVE ACTION FOR LOW-ENERGY STRING DYNAMICS
Knowledge of the moduli space of the vortex configurations is a necessary ingredient in their applications in cosmol-
ogy, as cosmic strings. Low-energy dynamics of vortices can be described by using the geodesic approximation due to
Manton [32]. The main idea in [32] is to approximate the classical dynamics of solitons by their geodesic motion in
the space of static/stationary solutions. In the case of vortex-like solutions, one method to do this is to assume that
the collective coordinates are slow-varying functions of the string worldsheet coordinates t, x3. Then, reinserting the
ansatz in the original action, the moduli become fields of a (1+1)-dimensional sigma-model on the string world-sheet.
This was the procedure followed in [2],[5] to study non-Abelian vortex dynamics in flat space-time. A generalization
of the Manton’s method to the case of gravitating solitons is, at the moment, not totally well developed (see recent
works on a formal treatment in [33] and some previous applications to black-holes and CP1 lumps in [34],[35]).
World-sheet theory for local strings
In the case of local vortices (Nf = Nc), we consider ansatz eq.(74) assuming that the orientational moduli are
slowly varying functions of the string world-sheet coordinates, i.e. na = na(t, x3). Substituting the proposal (74)
in the action (4) and performing the integral over the (x1, x2) plane, we end with a two-dimensional sigma-model
for the na fields. Since na parameterize the string zero modes, no potential term is expected to be present in this
sigma-model.
Now, since moduli parameters enter in (74) through a color-flavor rotation which now gets a dependence on the t
and x3 coordinates, the original ansatz should be complemented by adding non-trivial A0 and A3 components to the
gauge potential. Following [5] we propose
AAα (T
A)ab = (∂αn
an∗b − na∂αn∗b − 2nan∗b(n∗∂αn))ρ(r) α = 0, 3 (99)
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where a new profile function ρ(r) has been introduced, to be determined by its equation of motion through a mini-
mization procedure.
From the SU(N) gauge field strength
FAαi(T
A)ab = −(∂αnan∗b − na∂αn∗b − 2nan∗b(n∗∂αn))∂iρ(r) − i(∂αnan∗b + na∂αn∗b)∂iθfN (1− ρ) (100)
we see that ρ(r) has to satisfy
ρ(0) = 1 ρ(∞) = 0 (101)
in order to have a finite contribution in the action.
After inserting the modified ansatz in the action (4), we get the low-energy effective action
Seff = 2β
∫
dtdx3(∂αn∗∂αn− (n∗∂αn)(∂αn∗n)) (102)
The constant coupling β is related to the four-dimensional coupling e22 through the relation
β =
2π
e22
I (103)
where I is the integral
I =
∫ ∞
0
rdr[(∂rρ)
2 +
1
r2
f2N (1− ρ)2 +
e22
2
Ω2(2(ϕ˜− ϕ)2(1− ρ) + (ϕ˜2 + ϕ2)ρ2)] (104)
The integral I can be viewed as an action for the profile function ρ. Thus, I is extremized by configurations ρ
satisfying the second-order equation
− d
2ρ
dr2
− 1
r
dρ
dr
− 1
r2
f2N(1 − ρ) +
e22
2
Ω2((ϕ˜2 + ϕ2)ρ− (ϕ˜− ϕ)2) = 0 (105)
As done in [3] in flat space-time, using the first-order equations (56) one can show that the solution of (115) is given
by
ρ = 1− ϕ˜
ϕ
(106)
Besides, this solution satisfies the boundary conditions (101). Substituting this solution back into the expression (104)
for the integral I, one can check that this integral reduces to a total derivative and is given by the flux of the string.
That is,
I =
∫ ∞
0
dr
[
2∂r
(
ϕ˜
ϕ
)(
−η ϕ˜
ϕ
fN
)
+
(
1−
(
ϕ˜
ϕ
)2)
η∂rfN
]
= −η
[(
ϕ˜
ϕ
)2
fN − fN
]∣∣∣∣∣
∞
0
= |n| (107)
Recalling the world-sheet effective theory for the orientational coordinates given by eq.(102), it corresponds to the
two dimensional CPN−1 sigma-model, as was already anticipated by using symmetry arguments in section IV. This
can be easily seen from the invariance of the action (102) under the U(1) gauge transformations
na → eiϑ(t,x3)na, n∗a → e−iϑ(t,x
3)n∗a (108)
and the constraint nan∗a = 1 for the fields. As shown in [2], the CP
N−1 sigma-model is also the theory governing
the effective vortex dynamics in flat space-time. As a result, at this level of approximation, the dynamics of the
orientational moduli of a single local string does not seem to be affected by the presence of the gravitational coupling.
Several properties of the dynamics of the theory depend on how the moduli space is (like, for instance, the probability
of reconnection of cosmic strings in the low-energy regimen). Thus, an unchanged moduli space in the case of an
arbitrary number of solitons would imply that there is no variation in the low-energy physics of gravitating local strings
with respect to that of local strings in flat space-time. We shall see below that this situation changes considerably in
the case of semilocal vortices.
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World-sheet theory for semilocal strings
Let us study now the case Nf > Nc. In this case, we have to consider both the orientational n
a and the size
moduli χr as slowly varying functions of the string world-sheet coordinates t, x
3. For simplicity we will take the gauge
constant couplings to be equal, e1 = e2 = e. Then, we can put fN = f and ϕ =
√
ξ in the expressions of eq.(86)
for the fields in the singular gauge. Besides, an ansatz for the components Aα (α = 0, 3) of the gauge field must be
proposed, so we will consider the same expression (99) as in the local string case. Concerning the space-time metric,
due to the dependence of the conformal factor Ω2 with the size moduli χr (see eq.(82)), in the case of semilocal strings
also the metric become world-sheet coordinate dependent.
Thus, introducing the ansatz (86) and (99) in the action (4) we arrive to the effective action for the moduli
coordinates. The corresponding Lagrangian Leff can be decomposed in two parts,
Leff = Lχ,n + Lχ, (109)
the first part Lχ,n given the effective action for the orientational coordinates na and the second one Lχ including the
kinetic terms of the size moduli χr and being independent of n
a. The expressions for these Lagrangians are
Lχ,n = 2βI0(∂αn∗∂αn− (n∗∂αn)(∂αn∗n))
+ βI1(n
∗∂αn+ i∂αδ)(∂αχ¯
rχr − χ¯r∂αχr + χ¯rχr(n∗∂αn+ i∂αδ)) (110)
Lχ = − 1
8G
∫ ∞
0
rdr
(
1
2
Ω−2∂α(Ω2)∂α(Ω
2)− 2∂α∂α(Ω2) + 1
r
∂r(r∂r(logΩ
2))
)
+ β
∫ ∞
0
rdr
{
1
r2
∂αf∂αf + e
2Ω2
[
∂αϕ˜∂αϕ˜+
1
r2|n|
∂α(ϕ˜χ¯r)∂α(ϕ˜χr)
]
− e2
[
∂rϕ˜∂rϕ˜+
(
1
r
fϕ˜
)2
+ (∂rϕ˜− |n|1
r
ϕ˜)2
χ¯rχr
r2|n|
+
(
1
r
(f − n)ϕ˜
)2
χ¯rχr
r2|n|
]}
(111)
where β = 2π/e2 and Ii (i = 0, 1) are the integrals given by
I0 =
∫ ∞
0
rdr[(∂rρ)
2 +
1
r2
f2(1− ρ)2 + e
2
2
Ω2(2(ϕ˜−
√
ξ)2(1− ρ) + (ϕ˜2 + ξ)ρ2 + ϕ˜2 χ¯
rχr
r2|n|
(1− ρ)2] (112)
I1 = e
2
∫ ∞
0
rdr
Ω2
r2|n|
ϕ˜2 (113)
The first term in Lχ,n coincides with the Lagrangian of a two dimensional CPN−1 sigma-model for the fields na
multiplied by the integral I0 depending on the size moduli χr. On the other hand, the second term in Lχ,n includes
mixed kinetic terms between the orientational moduli na and the semilocal size χr, which are similar to those found
in [36]. In our case, the second term in Lχ,n can be eliminated by choosing the phase δ such that
∂αδ = in
∗∂αn. (114)
Concerning Lχ, the first line in (111) represents the contribution of the Hilbert-Einstein term in (4), while the
second and third lines come from the Yang-Mills-Higgs sector. It is clear that from the first line in Lχ only the first
term has to be considered, since the rest are total derivatives. Besides, one can put the conformal factor Ω2 in terms
of ϕ˜ and χr just by using the relation (82).
As we did in the Nf = Nc case, we consider the integral I0 as an action for the profile function ρ. Thus, from I0
one obtains the second-order equation which the function ρ must satisfy, namely,
− d
2ρ
dr2
− 1
r
dρ
dr
− 1
r2
f2(1− ρ) + e
2
2
Ω2((ϕ˜2 + ξ)ρ− (ϕ˜−
√
ξ)2 − ϕ˜2 χ¯
rχr
r2|n|
(1 − ρ)) = 0 (115)
with the boundary conditions ρ(0) = 1, ρ(∞) = 0. This equation is solved by
ρ = 1− ϕ˜√
ξ
(116)
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as one can show using the first-order equations (76) and (79) for the profile functions. Substituting this solution back
into I0, one finds that this integral reduce to
I0 =
∫ ∞
0
dr
[
2∂r
(
ϕ˜√
ξ
)(
−η ϕ˜√
ξ
f
)
+
(
1− ϕ˜
2
ξ
)
η∂rf + r
e2
2
Ω2
χ¯rχr
r2|n|
ϕ˜2
]
= |n|+ e
2
2
∫ ∞
0
rdrΩ2
χ¯rχr
r2|n|
ϕ˜2 (117)
Using the latter expression for I0 and the phase δ given by eq.(114), the Lagrangian Lχ,n takes now the simpler form
Lχ,n = 2β(|n|+ e
2
2
∫ ∞
0
rdrΩ2
χ¯rχr
r2|n|
ϕ˜2)(∂αn∗∂αn− (n∗∂αn)(∂αn∗n)) (118)
At this point we are ready to face an important question about semilocal strings, which is the normalizability of
the zero modes. Recently, the moduli space of semilocal non-Abelian strings in flat space-time (Ω2 = 1) was obtained
through the Manton procedure in [11],[31],[36]. Although some disagreements between the results of these works, all
of them found that some of the orientational and size zero modes are non-normalizable. In fact, they found that a
single semilocal vortex always has only non-normalizable moduli. The non-normalizability of a zero mode manifests
through an infinite kinetic term for this mode, due to logarithmic divergences in the infrared. It follows then that the
corresponding moduli become frozen in this approximation, since any change in it is impeded by infinite inertia. On
the other hand, it was noted in the case of self-gravitating CP1 lumps [35] that the deformation of the space-time
introduced by gravity is just sufficient to remove the singularity. One expects, therefore, that also in the case of
semilocal strings the previously frozen moduli defrost, once gravitational effects are taken into account [39]. In fact,
one can see that this is what actually happens by using the asymptotic expansions in the infrared obtained from
eqs.(83) and (85),
ϕ˜ ∼
√
ξ −
√
ξ
2
χ¯rχr
r2|n|
f ∼ nχ¯
rχr
r2|n|
Ω2 ∼ const r2(B−1) if r→∞ (119)
where B = 1 − 8π|n|Gξ (note that these expansions are valid if B > 0). Thus, introducing these expansions in the
expressions (111) and (118) for the effective Lagrangians, it is easily verified that all modes become normalizable when
strings are coupled to gravity.
Coming back to Lχ, in order to write this Lagrangian as a sigma-model one, it would be necessary to put expression
(111) explicitly in terms of the field χr. Unfortunately, this is not possible since it is not known how the profile functions
f and ϕ˜ depend on the size moduli. We can, however, make use of the large transverse size limit
χ¯rχrm
2
W >> 1 (120)
(where we have taken the winding n to be 1 and called m2W = e
2ξ). As was shown previously, in this limit we have
explicit analytic solutions given by eqs.(94)-(96), not only for the matter fields, but also for the space-time metric.
Concerning this last field, we choose the arbitrary constant in (96) so that the conformal factor takes the form
Ω2 =
1
(m2W (r
2 + χ¯rχr))8piGξ
(121)
It is convenient to recall that the behavior of the corresponding two-dimensional metric hij = Ω
2δij depends on
the value of the parameter Gξ (or, equivalently, on the value of the deficit angle δ). If Gξ < 1/8π, this metric is
asymptotically conical, with a deficit angle δ = 16π2Gξ. If Gξ = 1/8π, the deficit angle is 2π and then the two-
dimensional transverse space is asymptotically cylindrical. Finally, a deficit angle greater than 2π, which happens
for Gξ > 1/8π, means that at infinity the space is like an inverted cone, with a conical singularity at a finite proper
distance.
Thus, introducing the expressions (94)-(96) for the profile functions in (111) and (118), we obtain the following
effective Lagrangians Lχ and Lχ,n:
β−1Lχ =
(
1
12
− (9−B)(m
2
W χ¯
rχr)
B
8(2−B)
)
∂α(χ¯sχs)∂α(χ¯
tχt)
(χ¯uχu)2
+
(m2W χ¯
rχr)
B
1−B
∂αχ¯s∂αχs
χ¯tχt
−m2W
β−1Lχ,n = 2
(
1 +
(m2W χ¯
rχr)
B
4(1−B)
)
(∂αn∗∂αn− (n∗∂αn)(∂αn∗n)) (122)
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Finally, depending again on the value of the parameter Gξ, three different theories result from (122) for the low-energy
effective dynamics of the vortex in the large transverse size limit:
• First case: 0 < B < 1 or Gξ < 18pi , metric asymptotically conical
β−1Leff = (m
2
W χ¯
rχr)
B
1−B
(
∂αχ¯s∂αχs
χ¯tχt
− (1−B)(9 −B)
8(2−B)
∂α(χ¯sχs)∂α(χ¯
tχt)
(χ¯uχu)2
+
1
2
(∂αn∗∂αn− (n∗∂αn)(∂αn∗n))
)
(123)
• Second case: B = 0 or Gξ = 18pi , metric asymptotically cylindrical
β−1Leff = ∂
αχ¯r∂αχr
χ¯sχs
− 23
48
∂α(χ¯rχr)∂α(χ¯
sχs)
(χ¯tχt)2
+
5
2
(∂αn∗∂αn− (n∗∂αn)(∂αn∗n)) (124)
• Third case: B < 0 or Gξ > 18pi , metric asymptotically conically singular
β−1Leff = 1
12
∂α(χ¯rχr)∂α(χ¯
sχs)
(χ¯tχt)2
+ 2(∂αn∗∂αn− (n∗∂αn)(∂αn∗n)) (125)
It is interesting to note that for supermassive strings (Gξ ≥ 1/8π) the dynamics of the orientational modes decouples
from that of the size moduli. Moreover, the Lagrangian for the orientational moduli of supermassive semilocal strings
corresponds to that of the two-dimensional CPN−1 sigma-model, as in the case of local strings.
On the other hand, the most relevant case is the first one, with Gξ < 1/8π, since it includes the range of physical
applications (e.g. cosmological data gives an upper limit Gξ < 10−6 for cosmic strings -see [14] and references therein-
). In this case, Lagrangian (123) presents mixed terms between size and orientational moduli turning out the theory
far more complex. Indeed, one can expect this kind of terms in the Lagrangian since our effective theory must be
considered as a deformation of the theory obtained in flat space-time in [31],[36].
From expressions (123)-(125) it is clear that in the large transverse size limit all modes are normalizable, for any
value of the parameter B. This could have several consequences in the low-energy physics of the theory. If a similar
defrosting effect takes place also in the moduli space of more than one string coupled to gravity, several previous
analysis of the dynamics of strings (like those done in [10],[11] where reconnection of non-Abelian cosmic strings were
studied) could be considerably affected. Thus, we see that, in contrast to what happens for a single local string, the
presence of gravity produce important changes in the moduli space of semilocal strings, which can be relevant to the
physical properties of this kind of topological defect.
VII. SUMMARY AND DISCUSSION
The main goal of this work was the construction of a new type of gravitating string solutions, mainly characterized
by being genuinely non-Abelian. To do this, we considered a four dimensional Einstein-Yang-Mills-Higgs theory with
gauge group G = U(1)×SU(Nc), Nf scalar fields in the fundamental representation of G and an a priori undetermined
Higgs potential.
Guided by results obtained in the Abelian case [20],[21], we proposed an ansatz for the space-time metric which
allows us to find first-order Bogomol’nyi equations from consistency conditions resulting from the (highly complex)
second order Euler-Lagrange equation of motion.
Not quite surprisingly, consistency fixes the Higgs potential to be the quartic one given by eq.(37). In particular, the
resulting potential yields to a pattern of symmetry breaking containing, in the Nf ≥ Nc case, a surviving unbroken
group SU(N)c+f . This property of the Higgs potential is completely necessary in order to find strings solutions having
an internal orientational moduli space. Moreover, as it is shown in section III the gravitational energy (associated to
the total deficit angle) has, for such a potential, a lower bound which is a topological number related to the magnetic
flux. A posteriori, we verified that the Bogomol’nyi bound is saturated precisely by configurations satisfying the first
order equations.
In order to solve the Bogomol’nyi equations, we proposed a rotationally symmetric ansatz similar to that used in
flat space-time to get non-Abelian vortices [2]. In the Nf = Nc case, we showed that this ansatz yields to gravitating
local non-Abelian strings. The non-Abelian character becomes apparent from the existence of a set of orientational
collective coordinates parameterizing the string solution. Concerning the large distance behavior, these strings are
similar to ANO strings, in the sense that they have the usual exponential decay.
With respect to the Nc < Nf case, a generalization of the ansatz allowed us to construct gravitating semilocal
non-Abelian strings. In this case, semilocal strings acquire, beside the orientational degrees of freedom, new collective
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coordinates related to variations of the transverse size. It is worth noting that this type of strings has a decreasing
power-law large-distances behavior, this resulting in the deconfinement of the magnetic flux. In fact, the width of the
magnetic flux results completely undetermined since the new collective coordinates permit to do unlimited variations
of the transverse size of the cosmic string. We were able to find in the large transverse size limit explicit analytic
solutions, not only for the matter fields, but also for the space-time metric. Interestingly enough, the explicit solutions
allowed us to clearly show that semilocal solutions approximate two-dimensional sigma-model instantons on the Higgs
branch of vacua Gr(Nc, Nf ) in the limit of a large transverse size of the string,.
Finally, string world-sheet effective actions for the moduli coordinates were obtained using the Manton procedure.
In the case of local strings, the dynamics of the orientational moduli turned out to be that of a two-dimensional
CP
Nc−1 sigma-model, which is just the same effective theory governing the dynamics of strings in the flat space-time
case.
In contrast, when semilocal strings are considered, gravitational effects already arise at a low-energy level, radically
changing the moduli dynamics. Indeed, in flat space-time low energy dynamics of orientational and size moduli is
highly constrained due to non-normalizability of some (and sometimes all) of the zero-modes. We found that gravity
alters completely this situation since, quite surprisingly, all orientational and size modes previously frozen become
normalizable when strings are coupled to gravity.
In view of the results described above, it would be interesting to study their relevance concerning the physics of
cosmic strings. For instance, gravity could induce changes in the moduli space leading to a probability of reconnection
P < 1. To analyze this, it would be necessary to look for solutions corresponding to composite gravitating non-Abelian
vortices, analogous to those found in flat space-time in [37], in order to obtain the dynamics of two intersecting vortices.
In this respect, it could be quite useful to search also for a generalization on the moduli matrix approach [38] to the
case of gravitating solitons. We hope to report on this issues in a forthcoming work.
Acknowledgements: The author wishes to thank Fidel Schaposnik for constant encouragement and useful discussions
during this work and also to Muneto Nitta and Diego Marques for very useful comments and discussions on the effec-
tive theories. This work was partially supported by PIP6160-CONICET, PIC-CNRS/CONICET, BID 1728OC/AR
PICT20204-ANPCYT grants and by CIC and UNLP.
[1] A. Hanany and D. Tong, “Vortices, instantons and branes,” JHEP 0307, 037 (2003) [arXiv:hep-th/0306150].
[2] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, “Nonabelian superconductors: Vortices and confinement in N
= 2 SQCD,” Nucl. Phys. B 673, 187 (2003) [arXiv:hep-th/0307287].
[3] M. Shifman and A. Yung, “Non-Abelian string junctions as confined monopoles,” Phys. Rev. D 70, 045004 (2004)
[arXiv:hep-th/0403149].
[4] A. Hanany and D. Tong, “Vortex strings and four-dimensional gauge dynamics,” JHEP 0404, 066 (2004)
[arXiv:hep-th/0403158].
[5] A. Gorsky, M. Shifman and A. Yung, “Non-Abelian Meissner effect in Yang-Mills theories at weak coupling,” Phys. Rev.
D 71, 045010 (2005) [arXiv:hep-th/0412082].
[6] M. Shifman and A. Yung, “Confinement in N=1 SQCD: One Step Beyond Seiberg’s Duality,” arXiv:0705.3811 [hep-th].
[7] M. Eto, K. Hashimoto and S. Terashima, “QCD String as Vortex String in Seiberg-Dual Theory,” arXiv:0706.2005 [hep-th].
[8] M. Shifman and A. Yung, “Localization of non-Abelian gauge fields on domain walls at weak coupling (D-brane prototypes
II),” Phys. Rev. D 70, 025013 (2004) [arXiv:hep-th/0312257].
[9] N. Sakai and D. Tong, “Monopoles, vortices, domain walls and D-branes: The rules of interaction,” JHEP 0503, 019
(2005) [arXiv:hep-th/0501207].
[10] K. Hashimoto and D. Tong, “Reconnection of non-abelian cosmic strings,” JCAP 0509, 004 (2005) [arXiv:hep-th/0506022].
[11] M. Eto, K. Hashimoto, G. Marmorini, M. Nitta, K. Ohashi and W. Vinci, “Universal reconnection of non-Abelian cosmic
strings,” Phys. Rev. Lett. 98, 091602 (2007) [arXiv:hep-th/0609214].
[12] A. Vilenkin and E. P. S. Shellard, “Cosmic Strings and Other Topological Defects,” Cambridge University Press (Cam-
bridge, 2000).
[13] M. B. Hindmarsh and T. W. B. Kibble, “Cosmic strings,” Rept. Prog. Phys. 58, 477 (1995) [arXiv:hep-ph/9411342].
[14] J. Polchinski, “Introduction to cosmic F- and D-strings,” arXiv:hep-th/0412244.
[15] D. Garfinkle, “General Relativistic Strings,” Phys. Rev. D 32, 1323 (1985).
[16] M. Christensen, A. L. Larsen and Y. Verbin, “Complete classification of the string-like solutions of the gravitating Abelian
Higgs model,” Phys. Rev. D 60, 125012 (1999) [arXiv:gr-qc/9904049].
[17] P. Laguna and D. Garfinkle, “Space-Time Of Supermassive U(1) Gauge Cosmic Strings,” Phys. Rev. D 40, 1011 (1989).
[18] M. E. Ortiz, “A New look at supermassive cosmic strings,” Phys. Rev. D 43, 2521 (1991).
[19] E. B. Bogomolny, “Stability Of Classical Solutions,” Sov. J. Nucl. Phys. 24, 449 (1976) [Yad. Fiz. 24, 861 (1976)].
19
[20] B. Linet, “A vortex line model for infinite straight cosmic strings,” Phys. Lett. A 124, 240 (1987).
[21] A. Comtet and G. W. Gibbons, “Bogomolny bounds for cosmic strings,” Nucl. Phys. B 299, 719 (1988).
[22] G. W. Gibbons, M. E. Ortiz, F. Ruiz Ruiz and T. M. Samols, “Semilocal Strings And Monopoles,” Nucl. Phys. B 385,
127 (1992) [arXiv:hep-th/9203023].
[23] G. Dvali, R. Kallosh and A. Van Proeyen, “D-term strings,” JHEP 0401, 035 (2004) [arXiv:hep-th/0312005].
A. Achucarro, A. Celi, M. Esole, J. Van den Bergh and A. Van Proeyen, “D-term cosmic strings from N = 2 supergravity,”
JHEP 0601, 102 (2006) [arXiv:hep-th/0511001].
[24] D. V. Gal’tsov, E. A. Davydov and M. S. Volkov, “Einstein-Yang-Mills strings,” Phys. Lett. B 648, 249 (2007)
[arXiv:hep-th/0610183], D. V. Gal’tsov and E. A. Davydov, “Cylindrically symmetric solitons in Einstein-Yang-Mills
theory,” Phys. Rev. D 75, 084016 (2007) [arXiv:hep-th/0612273].
[25] G. Clement, “Gravitating Chern-Simons vortices,” Phys. Rev. D 54, 1844 (1996) [arXiv:gr-qc/9512021].
[26] T. Vachaspati and A. Achucarro, “Semilocal cosmic strings,” Phys. Rev. D 44 (1991) 3067.
[27] M. Hindmarsh, “Existence and stability of semilocal strings,” Phys. Rev. Lett. 68, 1263 (1992).
[28] G. W. Gibbons and C. M. Hull, “A Bogomolny Bound For General Relativity And Solitons In N=2 Supergravity,” Phys.
Lett. B 109, 190 (1982); M. Cvetic, S. Griffies and S. J. Rey, “Static domain walls in N=1 supergravity,” Nucl. Phys. B
381, 301 (1992) [arXiv:hep-th/9201007]; G. W. Gibbons, D. Kastor, L. A. J. London, P. K. Townsend and J. H. Traschen,
“Supersymmetric selfgravitating solitons,” Nucl. Phys. B 416, 850 (1994) [arXiv:hep-th/9310118]; J. D. Edelstein, C. Nunez
and F. A. Schaposnik, “Supergravity and a Bogomolny bound in three-dimensions,” Nucl. Phys. B 458, 165 (1996)
[arXiv:hep-th/9506147];
[29] A. Abrikosov, “On the magnetic properties of superconductors of the second group,” Sov. Phys. JETP 32 1442
(1957)(Reprinted in *Rebbi, C. (Ed.), Soliani, G. (Ed.): Solitons and Particles*, 356-364); H. B. Nielsen and P. Ole-
sen, “Vortex-line models for dual strings,” Nucl. Phys. B 61, 45 (1973) (Reprinted in *Rebbi, C. (Ed.), Soliani, G. (Ed.):
Solitons and Particles*, 365-381).
[30] A. Achucarro and T. Vachaspati, “Semilocal and electroweak strings,” Phys. Rept. 327, 347 (2000) [Phys. Rept. 327, 427
(2000)] [arXiv:hep-ph/9904229].
[31] M. Shifman and A. Yung, “Non-Abelian semilocal strings in N = 2 supersymmetric QCD,” Phys. Rev. D 73, 125012 (2006)
[arXiv:hep-th/0603134].
[32] N. S. Manton, “A Remark On The Scattering Of Bps Monopoles,” Phys. Lett. B 110, 54 (1982).
[33] B. de Wit and J. Kappeli, “On a gauge invariant description of soliton dynamics,” Fortsch. Phys. 51, 690 (2003)
[arXiv:hep-th/0211228],
[34] G. W. Gibbons and P. J. Ruback, “The motion of extreme Reissner-Nordstrom black holes in the low velocity limit,” Phys.
Rev. Lett. 57, 1492 (1986).
[35] J. M. Speight and I. A. B. Strachan, “Gravity thaws the frozen moduli of the CP(1) lump,” Phys. Lett. B 457, 17 (1999)
[arXiv:hep-th/9903264].
[36] M. Eto et al., “On the moduli space of semilocal strings and lumps,” arXiv:0704.2218 [hep-th].
[37] R. Auzzi, M. Shifman and A. Yung, “Composite non-Abelian flux tubes in N = 2 SQCD,” Phys. Rev. D 73, 105012 (2006)
[arXiv:hep-th/0511150].
M. Eto, K. Konishi, G. Marmorini, M. Nitta, K. Ohashi, W. Vinci and N. Yokoi, “Non-Abelian vortices of higher winding
numbers,” Phys. Rev. D 74, 065021 (2006) [arXiv:hep-th/0607070].
[38] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Solitons in the Higgs phase: The moduli matrix approach,” J.
Phys. A 39, R315 (2006) [arXiv:hep-th/0602170].
[39] The author is profoundly indebt with Muneto Nitta for drawing his attention on the issue of normalizability of zero modes
for gravitating solitons.
